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I n  c a l c u l a t i n g  t h e  m u l t i p l e  s c a t t e r i n g  of  charged p a r t i c l e s  it i s  

common p r a c t i c e  t o  assume t h a t  t h e  d i s t r i b u t i o n  i s  gauss ian  and t h a t  t h e  

mean square  ang le  of  t h a t  d i s t r i b u t i o n  i s  given by t h e  s tandard  "handbook" 

formula. I n  t h i s  note-I- .poi.nt  out  t h a t  t h i s  method, when app l i ed  t o  mul t i -  

p l e  s c a t t e r i n g  i n  t h i n  l aye r s ,  can be g r o s s l y  i n  e r r o r ,  and t h a t  a " rec ipe"  

o r i g i n a l l y  due t o  N. Bohr and a p p l i e d  by Bethe and Ashkin g ives  a good ap -  

proximation t o  t h e  mean square  ang le  of t h e  gauss ian  p o r t i o n  of  t h e  scat-  

t e r i n g  d i s t r i b b t i o n .  

I n  pass ing  through matter charged p a r t i c l e s  undergo a number of i n d i v i -  

d u a l  smal l  ang le  ,coulomb s c a t t e r s ,  (ei). These i n d i v i d u a l  s c a t t e r s  combine 

s t a t i s t i c a l l y  t o  g ive  a ne t  ang le  (0), wi th  r e s p e c t  t o  t h e  o r i g i n a l  d i r e c t i o n ,  

of  "mult iple"  s c a t t e r i n g .  Fermi' shows t h a t  

i = n  

i= 1 
cos  O = B cos e i 

f o r  n i n d i v i d u a l  s c a t t e r s  and t h a t  i n  t h e  approximation t h a t  each e.<< 1 
1 

n 

i= 1 
_ _  - - _ _  ___ ~ . _ _  _ _ _  - -. -- - - -  -- 

( square  b racke t s  i n d i c a t e  expec ta t ion  va lues ) .  

1. Nuclear P h y s i c s . ,  Compiled by Orear, Rosenfeld and. Sch lu te r ;  Univ. of  
Chicago P res s ,  1949. 
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Note t h a t  Eq. (1) i s  exac t  and Eq. (2) i s  sub jec t  on ly  t o  t h e  small angEe ap -  

proximation. No r e s t r i c t i o n s  are made on t h e  p r o b a b i l i t y  d i s t r i b u t i o n s  of  t h e  

i n d i v i d u a l  Bis. 

dent  of each o t h e r  w e  may w r i t e  

I f  t h e  i n d i v i d u a l  0. d i s t r i b u t i o n s  a re  t h e  same and indepen- 
1 

* 

i -  

so t h a t  t h e  n e t  mean square s c a t t e r i n g  ang le  i s  p ropor t iona l  t o  some s u i t -  

a b l e . a v e r a g e  over t h e  i n i t i a l  s c a t t e r i n g  d i s t r i b u t i o n .  I f  n becomes ve ry  

l a r g e  t h e  C e n t r a l  LimitSTheorem of s t a t i s t i c s  t e l l s  us t h a t  t h e  d i s t r i b u t i o n  

of 0 w i l l  approach t h e  normal, o r  gaussian,  d i s t r i b u t i o n  sub jec t  only t o  a l l  

of  t h e  [e. ] being  f i n i t e .  

proximation which i s  due t o  s i n g l e  s c a t t e r i n g  but  i f  n i s  l a r g e  i t s  e f f e c t  

2 
There w i l l  always be a t a i l  t o  t h e  gauss ian  ap -  

1 

i s  s m a l l .  

The i n d i v i d u a l  s c a t t e r s  a re  e s s e n t i a l l y  given by t h e  Rutherford d i s t r i -  

bu t ion ,  f ( 0 ) ,  and 

max max e 0 

[e2] = r 0 f ( 8 )  d0 = 4 x 7  . 
" min 

' 'min 

8 

v i s t i c  p a r t i c l e s  i s  g iven  by 

i s  determined,by t h e  screening  e f f e c t  of atomic e l e c t r o n s  and f o r  r e l a t i -  min 

h 0 r -  
min a '  

. where h i s  t h e  de Brog l i e  wavelength of  t h e  inc iden t  p a r t i c l e  and a i s  t h e  

r a d i u s  of t h e  atom. For r e l a t i v i s t i c  p a r e i c l e s  8 i s  set by t h e  f i n i t e  s i z e  
maX 

of  t h e  nucleus and 

0 h/R , rnax 
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2 
where R i s  t h e  r a d i u s  of  t h e  nucleus.  

f o r  emin and 0 

quoted "handbook" formula 

Rossi  and Greisen us ing  t h e s e  va lues  

and some o t h e r  s impl i fy ing  assumptions a r r i v e  a t  t h e  o f t  max 
3 

2 1 2 2  x 
xO 

CO21 = (p) - , (4) 

where pv i s  i n  u n i t s  of MeV and X/X 

versed.  

i s  t h e  number of  r a d i a t i o n  l eng ths  t r a -  
0 

For t h i n  l a y e r s ,  even though n i s  l a r g e  enough t h a t  t h e  c e n t r a l  po r t ion  

of  t h e  0 d i s t r i b u t i o n  i s  c l o s e l y  gauss ian ,  Eq. (4) can g r o s s l y  over estimate 

t h e  mean square  of  t h a t  gauss ian  because of  t h e  c o n t r i b u t i o n  of  s i n g l e  s c a t -  

t e r i n g  events  which a re  much l a r g e r  t han  [@ ] . 2 %  Rossi4 quotes  t h e  range of 

v a l i d i t y  of Eq. (4) as 

-2 /3  7 4 6 A  
xO 

o r  
2 2 

t 7 6.7 (F) gm/cm . 

The s c a t t e r i n g  d i s t r , - u t i o n  f o r  t h i n n e r  l a y e r s  can be obtained by numer- 

i c a l  s o l u t i o n  of t h e  exac t  (small ang le  approximation) i n t e g r o - d i f f e r e n t i a l  

d i f f u s i o n  equat ion ,  e.g.  Snyder and S c o t t  , Moliere  o r  by Monte Car lo  methods. 

Sternheimer7 has  pointed out t h a t  t h e  e f f e c t  of  s i n g l e  s c a t t e r i n g  can be  ap- 

5 6 

proximated by khe . supe rpos i t i on  of two o r  more gauss ians .  
- -~ ~- __ - -  - _ _ _  

2. Rev. Mod.. Phys. - 13, 240 (1941)'. 

3. The o r i g i n  (and usefu lness)  o f ' t h e  m u l t i p l i e r  '(1 + E) i n t t h e  LBL P a r t i c l e  
P r o p e r t i e s  review i s  obscure.  

High Energy P a r t i c l e ,  P r e n t i c e  H a l l  (1952). 4. 

5. Phys. Rev. - 76, 220 (1949) . ,  

6 .  Zeits. f .  Naturforschung 3a, 78 (1948). 

7. Rev. Sc i .  Instrum. 25, 1070.(1954).  

1 
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8 N. Bohr has  emphasized t h e  s t a t i s t i c a l  s i m i l a r i t y  of t h e  s i n g l e  s c a t t e r -  

i n g  c o n s t r i b u t i o n  i n  t h i n  l a y e r s  t o  t h e  c o n t r i b u t i o n  of  l a r g e  energy l o s s e s  i n  

t h i n  l a y e r s  (now commonly c a l l e d  t h e  Landau e f f e c t ) .  I n  t h e  l a t t e r ,  c a l c u l a t i n g  

t h e  mean energy l o s s  i n  a manner analogous t o  t h e  Rossi-Greisen method g ives  a 

va lue  l a r g e r  t h a n , t h e  most probable  energy l o s s .  The d i s t r i b u t i o n  of  energy 

l o s s  i s  approximately gauss ian  around t h e  most probable  va lue .  Bohr p o i n t s  

o u t , t h a t  i f  t h e  upper l i m i t  of  t h e  averaging i n t e g r a l  i s  taken  t o  be t h a t  en- 

ergy l o s s  (angle  ol) f o r  which t h e r e  i s ,  on the  average,  on ly  one energy l o s s  

( s c a t t e r i n g  angle)  l a r g e r  than  it throughout t h e  l a y e r  a good gauss ian  approxi-  

mation i s  a r r i v e d  a t .  

The use  of  a gauss ian  approximation i n  m u l t i p l e  s c a t t e r i n g  i s  p a r t i c u -  

l a r l y  u s e f u l r f f f o n e  i s  i n t e r e s t e d  i n  e a s i l y  c a l c u l a t i n g  e.g.  t h e  FWHM o r  l / e  

va lue  of t h e  d i s t r i b u t i o n  func t ion .  Bethe and Ashkin us ing  Bohrs p re sc r ip -  9 

t i o n ,  0 = a r r i v e  a t  max 

2 t = 0.157 Z (Z + 1) 
A(Pv)2 ' 

and 2 2 4 413 A-l 
[ O  ] = 0 An (1.13 X 10 Z t )  J 1 (5) 

2 
f o r  v EZ c, where pv i s  i n  MeV and t i s  i n  grams/cm . The argument of t h e  log- 

a r i thm,  0,/0 min, i n  Eq. (5) i s  of t h e  order  of  t h e  average number of scat ters  

10 Sternheimer has  2 2 
>> 0 min. 1 so t h a t  t h e  r eg ion  of  v a l i d i t y  of  Eq. (5) i s  0 

poin ted  out  t h a t  Eq. (5) ag rees  ( p r e d i c t i o n  of  l / e  va lue  of t h e  d i s t r i b u t i o n )  
- - - - _ _  __  _- __  - - - - -  

8. Danske Viden. S e l s .  Math.-Fys. Medd. 18 (1940-8), a l s o  P h i l .  Mag. (6), 
- 30, 581 (1915). I commend t h e s e  two papers t o  anyone i n t e r e s t e d  i n  a 
concise  and l u c i d  expos i t i on  of  . t h e  phys ica l  p r i n c i p l e s  involved.  I 

9.  "Exp. Nuc. Phys." (E. Segre,  Ed.) Vol . '* I ,  Wiley, 1953. 

10. "Methods of Exp. Phys." (Yuan,*Wu, Eds.) Vol.  5, P a r t  A,  Acad. P res s ,  
1961. 

1 
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wi th  t h e  r a t h e r  meager d a t a  as w e l l  a s  t h e  more s o p h i s t i c a t e d  t h e o r i e s  and t h a t  

Eq.  ( 4 )  i s  a g ross  over estimate. 

F igu re  1 ske tches  t h e  r e l a t i o n  of  t h e  two gauss i an  approximations us ing  

Eq. ( 4 )  and Eq. (5). 

LWS/ l s k  

D i s t r :  Accel. Dept .  S&P 
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Angle 0 

a i s  t h e  a c t u a l  m u l t i p l e  s c a t t e r i n g  d i s t r i b u t i o n  wi th  
s i n g l e  s c a t t e r i n g  t a i l ;  b i s  t h e  gauss ian  approximation 
us ing  Eq. ( 4 ) ;  c i s . t h e  gauss ian  approximation us ing  
E q .  (5).  

F ig ,  1. Mul t ip le . : , sca t te r ing  i n  t h i n  l a y e r s .  


